Introduction
In this note we study the Poincaré polynomial
where Y = C n − ∪ I A I is the complement of a union of hyperplanes-an arrangement of hyperplanes. Two are our main goals. The first objective is to find natural geometric conditions in order for the Poincaré polynomial to factorize, that is (1) Poin(Y ; t) = j P j (t),
where the P j (t) are polynomials with positive integer coefficients. The second goal is to identify the coefficients of the polynomials P j (t) -hence also the Betti numbers of Y -with natural characteristic numbers. The Poincaré polynomial plays a prominent role in the study of the topology of complements of hyperplanes (see [7] ). A motivation for our work is in fact a theorem of Terao [10: Main Theorem] stating that, for the complement of a central and essential free arrangement, the factorization (1) occurs into linear polynomials. Here an arrangement ∪ I A I ⊂ C n is said to be central and essential when the total intersection ∩ I A I = {0}, the origin in C n . As for the notion of freeness, recall the general definition of the sheaves of logarithmic p-forms on a complex manifold X with poles along any hypersurface D ⊂ X. These are the O X -sheaves Ω p X (log D) of meromorphic forms ω on X which satisfy the following local property on any U ⊂ X: If f is a local defining function for D on U , both fω and fdω are holomorphic throughout U . Accordingly, an arrangement ∪ I A I ⊂ C n is free if Ω of the higher homotopy groups of Y in a manner whose precise extent is yet to be understood. In order to calculate the cohomology of Y we shall consider any smooth compactification X of Y , birationally isomorphic to P n and in which Y is realized as the complement of a hypersurface D with normal crossings. For the sake of brevity, we shall henceforth refer to such X σ − → P n as to a good compactification; it can be constructed via a composite σ of blow-ups along multiple intersections of the hyperplanes in P n obtained by completing at infinity the components A I of the arrangement. Since D is normal crossing, the sheaves Ω p X (log D) of logarithmic p-forms are automatically locally free, i.e., holomorphic vector bundles on X. Our interpretation of the factorization property is suggested by the elementary observation that the occurrence of (1) for a hyperplane complement Y might be the manifestation of a product structure-however disguised in the complexity of the arrangement-of some complex computing H * (Y, C). The obvious model of a factorizable polynomial Poin(C
is in fact that of the cohomology of a product complex C * = ⊗ j C * j , for which a formula like (1) holds with P j (t) = Poin(C * j , t). For an affine algebraic manifold like Y , (1) would be a trivial consequence of Künneth formula if, for example, Y were topologically a product of
Theorem 1 below shows that a natural weakening of this factorization scheme is in fact provided by the notion of decomposability of Ω
The following theorem applies directly to the complement of an essential arrangement, that is a union of affine hyperplanes whose lowest dimensional multiple intersections consist of isolated points. Note that this is in effect no loss of generality, for the complement Y of any non-empty arrangement in C n is always isomorphic to the cartesian product Y × C n−m , where Y is the complement of an essential arrangement in C m (for some m ≤ n). 
the trivial line bundle).
Notice that, as an immediate consequence of (i) together with HirzebruchRiemann-Roch theorem, one has dim Γ(
for all i and j. It is now a matter of straighforward algebra to verify that the following corollary holds true. 
where rk(E j ) denotes the rank of E j and the various coefficients are given by the Riemann-Roch formula
In order to illustrate the content of the theorem and of its corollary, let us consider the following two limiting situations. 
then one concludes that all higher cohomology groups of the L j vanish, and
for all p. In this case the Poincaré polynomial of Y factorizes into polynomials of degree 1,
where the numbers β 1 , . . . , β n are
The factorization theorem of [9] [10] thus follows from the observation that the splitting property of Ω 1 X (log D) into line bundles is verified whenever Y is the complement of a central and essential free arrangement. We write O P n (1) for the hyperplane line bundle on 
Comparing with [10] , one deduces that in effect β j = α j for all j. It should be possible, applying the analysis of Sections 4 and 5 below to a concrete resolution σ, to give a direct general proof of these equalities. In Section 6 we carry out such computation for a general central and essential arrangement in C 2 .
Section 2 is a brief summary of the relevant properties of logarithmic forms. Section 3 contains our proof of Theorem 1.1. In Section 4 we study the behaviour of logarithmic forms under blow-ups. The splitting theorem of Section 5 is due to H. Terao.
The complex of logarithmic forms
Let D be a normal crossing hypersurface in a smooth algebraic variety X (dim C X = n) so that the complement X − D is affine. On a sufficiently small open set U ⊂ X of a point where precisely m (m = 0, . . . , n) irreducible components of D intersect one can choose local coordinates (z 1 , . . . , z n ) so that a local defining equation for D ∩ U is given by f = z 1 · · · z m = 0. It directly follows from the definition that
One should note that the sheaves Ω p X (log D) are locally free and are generated by closed differential forms.
Upon introducing, as usual, complexes ofČech cochains C * X, Ω p X (log D) with coboundary δ, and in view of the anticommutativity of d with δ, one easily verifies that d induces a well-defined differential d 1 onČech cohomology groups
It is a well-known result of [3] that these complexes, which appear as the E 1 -term in the Hodge-Deligne spectral sequence
are all trivial , i.e., d 1 ≡ 0. Hence the spectral sequence degenerates at E 1 and the complex cohomology of Y is given by
However-as observed by Esnault, Schechtman and Viehweg-the case of present interest affords the following remarkable simplification. (For related work, see also [2] ). 
We briefly recall the simple argument, especially to the purpose of pointing out a feature (Remark 2.1) which will be required in the next section. Let Y be the complement in C n of a union of affine hyperplanes A I defined as the zero loci of some linear holomorphic functions f I (I = 1, . . . , N). In view of a result of Brieskorn [1] and of Orlik and Solomon [6] , the cohomology algebra H * (Y, C) is identified with a quotient of the exterior algebra E (over C) generated by the deRham classes 1,
(In fact, the same identification holds true also over Z). One can easily verify that every p-fold
Remark 2.1. Clearly the same argument also shows that the natural map
is surjective for every p ≥ 1. (The kernel of π is generated by the ideal of
Splitting and factorization
Throughout this section we shall be working under the hypotheses of Theorem 1.1. By the splitting assumption Ω
In view of Esnault-Schechtman-Viehweg vanishing, then all wedge products of vector bundles E j must have vanishing higher cohomologies,
and
Consider now the natural maps
In order to prove Theorem 1.1 one must show that, for all p 1 , . . . , p k , the maps ψ are isomorphisms.
Surjectivity of (3) is a consequence of Remark 2.1. For, in view of the decomposition of the Γ X,
are surjective. Note that π factors through ψ as shown in the following commutative diagram
Since π = ψπ is surjective, so must be ψ. In order to extablish the injectivity of ψ in (3) we shall need a couple of preparatory lemmas. Recall that a holomorphic vector bundle E X on X is said to be generated by global sections if the sheaf map Γ(X,
. One easily sees that at every x ∈ X there are n of them such that σ 
generated by global sections if and only if the arrangement is essential.
Under the assumptions of Theorem 1.
is generated by global sections. This implies that also the maps
are surjective for all j, i.e., each E j is globally generated. Observe that, since the global sections in Γ(X, E j ) are d-closed by Deligne degeneration, the bundles E j are generated by closed 1-forms. As a wedge of local frames consisting of closed 1-forms is also a closed form, the latter conclusion applies to any wedge product of the E j 's. This observation has the following consequence.
Lemma 3.2. On any open set
such that any global section s ∈ Γ(X, E j ) takes the local form
where the 
Proof. In order to simplify notations, in the course of this proof we shall usually write E for ∧ p i E i and E for ⊗ j =i ∧ p j E j . Let s and s be elements of Γ(X, E) and Γ(X, E ) respectively. In terms of local frames {σ 
The kernel of φ is thus given by 
X (log D) is locally free if and only if the top exterior power
In order to compute with logarithmic forms we shall need the following observation. [8] .
Locally over
U , Ω p X (log D)(U ) is given by the forms ω = 1 g ξ, with ξ ∈ Ω p U log{h = 0} such that dg g ∧ ξ ∈ Ω p+1 U log{h = 0} .
Though this local presentation does not make it evident that Ω
In this section we consider the blow-upX 
One can explicitly compute the pull-back of the logarithmic forms of top degree:
A simple local computation (see, e.g., [5: p. 605, 608]) gives, on the one hand
On the other hand, for D = I D I , letD = ID I + E be the divisor onX
given by the components ofD =D ∪ E = ∪ IDI ∪ E. One has
and the result follows from the fact that Ω n X (logD) = Ω n X
⊗D.
It will suffice for the problem at hand to work-in the remainder of this section-under the 
Then Ω 1X (logD) also splits: there are non-negative integers µ 1 , . . . , µ n so that
Proof. Choose a local frame so that
for every i, and hence an injective homomorphism
Consider the map induced on n-fold wedges,
Since n i=1 µ i = µ, det t is an isomorphism; hence t is an isomorphism. 
where the F I (Z 1 , . . . , Z n ) are N ≥ n linear homogeneus polynomials. On each open set U (i) = {Z i = 0} of the standard cover of P n we shall use local coor-
and the local defining function for H
Note in particular that f (0) is a homogeneus polynomial of degree N in
If the arrangement is free, a frame for the holomorphic vector bundle Ω
By [7: Corollary 4 .77] each ω (0)i can be chosen to have the form
where the P i,j are homogeneus polynomials of degree deg Here the integers α 1 , . . . , α n (the exponents of the free arrangement) must be strictly positive; they satisfy the condition n i=1 α i = N . After these preliminaries, the first step toward proving Theorem 1.5 was provided to us by H. Terao in the form of an explicit splitting of the bundle of logarithmic forms before blowing-up. The proof given below is a version of [11].
Proposition 5.1 [Terao] . If Y is the complement of a central and essential free arrangement in C n , let H = P n − Y as above. Then
Proof. We shall argue by explicitly computing the transition functions of Ω P n (log H) relative to the cover U (i) 0≤i≤n . We first construct local frames on each of the U (i) in terms of the given local frame (4) on U (0) . For each i = 0, let ω (i)1 , . . . , ω (i)n be the forms on U (i) obtained by extending
From the relations among local coordinates
, and in view of the homogeneity of the polynomial coefficients in (4), one computes
Now:
Claim. The forms defined as
give a local frame of Ω P n (log H) over U (i) for each i.
Proof of the claim. We must first verify that they are logarithmic, i.e., that both
. This is certainly true on U (i) ∩ U (0) , since the ω (i)j are by definition local sections of Ω P n (log H) there. The fact that f (i) ω (i)j is holomorphic on U (i) is evident. On the other hand, notice that
with
is holomorphic also at infinity. Moreover, we have
. Hence ω (i)1 , . . . , ω (i)n are linearly independent, which proves the claim.
Since the sum
Finally notice that for each j = 1, . . . , n, the collection {ω (0)j , . . . , ω (n)j } is a section of the line bundle O P n (α j − 1), as one sees from the transition functions
The proposition has been proven. In this section we shall write H for the hyperplane line bundle O P 2 (1); also, we shall use the same symbol to denote either a divisor, or a line bundle, or its first Chern class. The additive notation for tensor products of line bundles will henceforth be assumed. A good compactification of the complement Y = C 2 − A = P 2 − H is given by the blow-up X 
